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1. Introduction
Let (X, d) and (Y, D) be compact metric spaces, and ϕ : X → Y . The function ϕ is Lipschitz if and
only if there exists a positive constant K such that
(∗) D(ϕ(x0),ϕ(x1)) Kd(x0, x1), for every x0 and x1 in X.
The inﬁmum of all numbers K for which the condition (∗) holds is called the Lipschitz constant of ϕ,
and is denoted by L(ϕ). Equivalently we have
L(ϕ) = sup
x0 /=x1
D(ϕ(x0),ϕ(x1))
d(x0, x1)
.

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A bijective function ϕ is a lipeomorphism if ϕ and ϕ−1 are Lipschitz functions. Similarly, we say that
a function f : X → E, from a compact metric space X to a Banach space (E, ‖ · ‖E) is Lipschitz if there
exists K > 0 such that ‖f (x0) − f (x1)‖E  Kd(x0, x1), for every x0, x1 ∈ X. We denote by Lip(X, E) the
Banach space of all E-valued Lipschitz functions on X with the norm ‖f‖ = max{‖f‖∞, L(f )}, where
‖f‖∞ = maxx∈E‖f (x)‖ and L(f ) = supx /=y ‖f (x)−f (y)‖d(x,y) . Spaces of this type are well known and were
ﬁrst investigated by Johnson, see [8,9].
In [16], the authors give a characterization of linear isometries between Banach spaces of vector
valued Lipschitz functions, see also [15,17]. This characterization is the main tool in our study of the
algebraic reﬂexivity property for subsets of bounded linear operators on Lip(X, E). Let f be a scalar
valued Lipschitz function on X and e ∈ E, following the notation in [16], we deﬁne f ⊗ e : X → E by
(f ⊗ e)(x) = f (x)e.Clearly‖f ⊗ e‖ = max{‖f‖∞, L(f )}‖e‖.The spaceof all bounded linear operators
on E is denoted by B(E) and SE the unit sphere of E.
Theorem 1.1 (cf. [16]). Let (X, d) and (Y, D) be compact metric spaces, E a strictly convex Banach space
and e a unit vector in E. Let T : Lip(X, E) → Lip(Y, E) be a linear isometry such that T(1X ⊗ e) = 1Y ⊗ e.
(1) There exist a closed subset of Y, Y0, a surjective Lipschitz function ϕ : Y0 → X with
L(ϕ)max{1, diam(X)/2}
and a Lipschitz function τ : Y → B(E) such that τ(y) = Ty, ‖Ty‖ = 1 for all y ∈ Y, and
T(f )(y) = Ty (f (ϕ(y))) , for all f ∈ Lip(X, E) and y ∈ Y0.
(2) If T is surjective, then there exist a lipeomorphism ϕ from Y onto X with
L(ϕ)max{1, diam(X)/2} and L(ϕ−1)max{1, diam(Y)/2}
and a Lipschitz function τ : Y → B(E), such that τ(y) = Ty is a surjective isometry of E for all
y ∈ Y, and
T(f )(y) = Ty (f (ϕ(y))) , for all f ∈ Lip(X, E) and y ∈ Y .
Given a Banach space F , a subset E ⊂ B(F) is algebraically reﬂexive if T ∈ E whenever Tx ∈ Ex, for
every x ∈ F , cf. [11]. The Banach space F is said to be algebraically reﬂexive whenever the group of
isometries on F , G(F), is algebraically reﬂexive. The authors have studied this problem for F = C(X, E),
with X a compact Hausdorff topological space and E a Banach space, see [2]. The algebraic reﬂexivity of
various subsets and subspaces of B(F) has been the subject of study in several papers, see [3,7,10–14].
In this paper we consider the algebraic reﬂexivity problem for various subsets of B(Lip(X, E)),with
X a compact metric space and E a strictly convex Banach space. We show that certain subgroups of
the isometry group are algebraically reﬂexive. We also investigate the algebraic reﬂexivity of subsets
of generalized bi-circular projections. We recall that a projection P on a complex Banach space is a
generalized bi-circular projection (gbp) if there exists a modulus 1 complex number λ ( /=1) such that
T = P + λ(I − P) is an isometry, see [5], also [1,2]. Generalized bi-circular projections belong to the
class of bi-contractive projections , i.e. those projections P such that ‖P‖ = 1 and ‖I − P‖ = 1, cf.
[4]. In general, the characterization of bi-contractive projections on a given Banach space is a difﬁcult
and important problem, cf. [6]. Such characterization for the class of bi-contractive projections on
Lip(X, E) is an open question. In this paper, we obtain a representation for the gbps on Lip(X, E). This
representation is crucial in our study of the algebraic reﬂexivity problem for some natural sets of
generalized bi-circular projections.
2. Algebraic reﬂexivity of the space of vector valued Lipschitz functions
We recall that X and Y are compact metric spaces and E is a strictly convex and complex
Banach space.We denote by G(Lip(X, E), Lip(Y, E)) the set of all isometries from Lip(X, E) into Lip(Y, E).
Throughout this paper we ﬁx e, some unit vector in E. The set Ge(Lip(X, E), Lip(Y, E)) consists of all
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isometries T in G(Lip(X, E), Lip(Y, E)) such that T(1X ⊗ e) = 1Y ⊗ e. Moreover, we denote by
SGe(Lip(X, E), Lip(Y, E)) the subset of Ge(Lip(X, E), Lip(Y, E)) consisting of all surjective isometries.
If X = Y we denote this set by SGe(Lip(X, E)).
In this section we show that if X is a connected n-dimensional manifold without boundary or X
supports an injective real valued Lipschitz function, then SGe(Lip(X, E)) is algebraically reﬂexive under
some constraints on E.
We ﬁrst introduce the deﬁnition of e-locally surjective isometry.
Deﬁnition 2.1. Let T : Lip(X, E) → Lip(Y, E) be a bounded linear operator. T is an e-locally surjec-
tive isometry if and only if for every f ∈ Lip(X, E) there exists Tf : Lip(X, E) → Lip(Y, E), a surjective
isometry in Ge(Lip(X, E), Lip(Y, E)), such that T(f ) = Tf (f ).
The group SGe(Lip(X, E)) is said to be algebraically reﬂexive whenever every e-locally surjective
isometry on Lip(X, E) is surjective.
Theorem 2.1. Let X be a compact metric space, Y a compact and connected n-manifold without boundary,
E an algebraically reﬂexive and strictly convex Banach space. If T : Lip(X, E) → Lip(Y, E) is an e-locally
surjective isometry, then T is a surjective isometry.
Proof. Since T is an e-locally surjective isometry, for every f ∈ Lip(X, E), there exists a surjective isom-
etry Tf ∈ Ge(Lip(X, E), Lip(Y, E)) such that T(f ) = Tf (f ). In particular T(1X ⊗ e) = T1X⊗e(1X ⊗ e) =
1Y ⊗ e, thus T ∈ Ge(Lip(X, E), Lip(Y, E)).
Theorem 1.1 asserts the existence of a closed subspace Y0, a surjective Lipschitz function ϕ : Y0 →
X, a function τ : Y → B(E) such that τ(y) = Ty, and
T(f )(y) = Ty(f (ϕ(y))), for all y in Y0 and f ∈ Lip(X, E).
For every f ∈ Lip(X, E), Theorem 1.1 also implies the existence of a lipeomorphism ϕf and a family
{Tfy | y ∈ Y} such that each Tfy is a surjective isometry of E and :
Tf (g)(y) = Tfy(g(ϕf (y))), for every g ∈ Lip(X, E) and y ∈ Y .
Hence, for y ∈ Y0,we have
Ty(f (ϕ(y))) = Tfy(f (ϕf (y))). (1)
Let f be a constant function equal to ν , a nonzero vector in E. Eq. (1) becomes Ty(ν) = Tfy(ν). Hence
Ty is a locally surjective isometry on E for every y ∈ Y0. The algebraic reﬂexivity of E implies that, for
y ∈ Y0, Ty is a surjective isometry.
For a ﬁxed y0 ∈ Y0, let ν be a nonzero vector in E and set f (z) = d(z,ϕ(y0))ν . Eq. (1) becomes
d(ϕ(y0),ϕ(y0))Ty0(ν) = d(ϕf (y0),ϕ(y0))Tfy0(ν). (2)
This implies that ϕ is injective. In fact, if there exist y1 /= y0 such that ϕ(y0) = ϕ(y1), Eq. (2) implies
that ϕf (y0) = ϕf (y1) = ϕ(y0). This contradicts that ϕf is a lipeomorphism. Consequently, we have
ϕ : Y0 → X is a Lipschitz homeomorphism. Therefore Y = Y0, since Y and Y0 are homeomorphic and
Y is a compact and connected n-manifold without boundary, see [2, p. 298]. It now remains to show
that ϕ−1 satisﬁes a Lipschitz condition. If we assume otherwise, then there exist sequences {yn} and{zn} so that yn /= zn and
lim
n→∞
d(ϕ(yn),ϕ(zn))
D(yn, zn)
= 0.
We set Y˜ = {(y, z) : y /= z} and βY˜ is the Stone-Cˇech compactiﬁcation of Y˜ . Let F : Y˜ → R be given
by F(y, z) = d(ϕ(y),ϕ(z))
D(y,z)
. We denote by βF the unique continuous extension of F to the Stone-Cˇech
compactiﬁcation of Y˜ ,βF : βY˜ → R. Sincewe are assuming that 0 is in the range ofβF , let ξ ∈ βY˜ \ Y˜
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such thatβF(ξ) = 0.The compactness ofβY˜ , implies the existenceof anet in Y˜ , {(yα , zα)}α converging
to ξ . To see this, we ﬁrst notice that, without loss of generality, we may assume that {yα} converges
to y in Y and zα /= y, for all α. We deﬁne the Lipschitz function f (z) = d(ϕ(y),ϕ(z))ν , where ν is a
nonzero vector in E. Eq. (1) reduces to
d(ϕ(z),ϕ(y))Tz(ν) = d(ϕf (z),ϕ(y))Tfz (ν), for all z ∈ Y .
Therefore
d(ϕ(z),ϕ(y))‖Tz(ν)‖ = d(ϕf (z),ϕ(y))‖Tfz (ν)‖.
We conclude that
d(ϕ(z),ϕ(y)) = d(ϕf (z),ϕ(y)) = d(ϕf (z),ϕf (y)). (3)
Consequently,
d(ϕ(zα),ϕ(y))
D(zα ,y)
 [L(ϕ−1f )]−1 > 0, for all α. The uniform continuity of βF implies that
βF(ξ) [L(ϕ−1f )]−1. This contradiction shows that ϕ−1 is a Lipschitz function. 
Remark 2.1. The previous theorem also holds under the assumption that X and Y are compact metric
spaces and there exists an injective real valued Lipschitz function g on X . To see this we note that
without loss of generality wemay assume that g is strictly positive. Given y ∈ Y0, let u be a unit vector
in E so that ‖Tyu‖ = 1. We set f = g ⊗ u. Eq. (1) becomes
g(ϕ(y))Tyu = g(ϕf (y))Tfy(u).
Therefore g(ϕ(y)) = g(ϕf (y)). The injectivity of g implies that ϕ(y) = ϕf (y). The remainder of the
proof follows as in the proof given for Theorem 2.1.
The next corollary is a straightforward consequence of Theorem 2.1 and Remark 2.1.
Corollary 2.1. Let X be a compact metric space, E an algebraically reﬂexive and strictly convex Banach
space.
(1) If there exists an injective real valued Lipschitz function on X, then SGe(Lip(X, E)) is algebraically
reﬂexive.
(2) If X is an n-dimensional compact and connected manifold without boundary, then SGe(Lip(X, E)) is
algebraically reﬂexive.
We now study the algebraic reﬂexivity problem for certain subgroups of the group SGe(Lip(X, E)).
Weﬁrst prove a preliminary lemma.We consider an isometry T in SGe(Lip(X, E)), with representation
T(f )(x) = Tx(f (ϕ(x))), as described in Theorem 1.1.
We denote by G the group of all surjective isometries U on E such that U(e) = e. Let ϕ be a
lipeomorphism on X . We set
SGG = {S ∈ SGe(Lip(X, E)) : ∃U ∈ G and i ∈ Z
s.t. S(f )(x) = Uf (ϕi(x)), ∀f ∈ Lip(X, E) and x ∈ X}.
We observe that SGG is a subgroup of SGe(Lip(X, E)).
Proposition 2.1. Let E be an algebraically reﬂexive and strictly convex Banach space and G an algebraically
reﬂexive subgroup of the group of all surjective isometries on E. If X is a compact metric space that supports
an injective and real valued Lipschitz function then SGG is algebraically reﬂexive.
Proof. Let T be a bounded linear operator on Lip(X, E) that is locally in SGG , i.e. for each f ∈ Lip(X, E)
there exists Sf ∈ SGG such that T(f ) = Sf (f ). Corollary 2.1 implies that T ∈ SGe(Lip(X, E)). Theorem
1.1 asserts that T(f )(x) = Tx(f (ψ(x))). Therefore, for every f , there exists Uf ∈ G and j(f ) ∈ Z such
that
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Tx(f (ψ(x))) = Uf f (ϕj(f )(x)), for all x ∈ X. (4)
We denote by g an injective positive function deﬁned on X and set h = g ⊗ e. For each x ∈ X we have
g(ψ(x)) = g(ϕj(h)(x)) and ψ(x) = ϕj(h)(x). Furthermore, given a constant function equal to v ∈ E,
Eq. (4) reduces to Txv = Uvv, for all x ∈ X. The statement now follows from the algebraic reﬂexivity
of G. 
3. Algebraic reﬂexivity of sets of generalized bi-circular projections
In this section we study algebraic reﬂexivity properties of classes of generalized bi-circular projec-
tions. We denote by GBP(F) the set of all generalized bi-circular projections on a Banach space F . We
say that a projection P is a locally gbp if for every u ∈ F there exists a gbp Pu such that P(u) = Pu(u).
Furthermore GBP(F) is said to be algebraically reﬂexive if every locally gbp is a gbp. We prove that
GBP(Lip(X, E)) is algebraically reﬂexive under some constraints on X and E. We also show that a subset
of GBP consisting of those gbps that can be expressed as the average of the identity operator with
an isometric reﬂection is algebraically reﬂexive. An isometry T is an isometric reﬂection if T2 is the
identity operator.
3.1. Generalized bi-circular projections on Hilbert spaces
We ﬁrst establish the algebraic reﬂexivity of the set of all gbps on a Hilbert space. We start by
proving that gbps on a Hilbert space are the hermitian projections.
Proposition 3.1. Let E be a Hilbert space. P is a generalized bi-circular projection on E if and only if P is
hermitian.
Proof. Since P is a projection, we have that E = Ran(P)⊕ Ker(P).We observe that Ran(P) = {v ∈ E :
P(v) = v}. Moreover, there exists a modulus 1 complex number λ and a surjective isometry T such
that P + λ(I − P) = T . This implies that T is equal to the identity when restricted to the range of P,
and is equal toλIwhen restricted to the Ker(P). If u ∈ Ran(P) and v ∈ Ker(P) then T(u + v) = u + λv.
Since T is an isometry we have that Re((λ − 1)〈v, u〉) = 0 where 〈·, ·〉 denotes the inner product in
E. Then (λ − 1)〈v, u〉 = ib for some b ∈ R. It follows that ibv ∈ Ker(P), hence Re((λ − 1)〈ibv, u〉) =
−b2 = 0. This proves that P is orthogonal and thus hermitian. Conversely, if P is a hermitian projection
then for every u ∈ Ran(P) and v ∈ Ker(P) we have 〈u, v〉 = 0. Then, given an arbitrary vector w ∈ E,
w = u + vwith u ∈ Ran(P) and v ∈ Ker(P). Letλ be amodulus 1 complex number (λ /= 1), and deﬁne
T(w) = u + λv. The operator T is an isometry and P = −λI+T
1−λ . Hence P is a gbp. 
Theorem 3.1. If E is a complex Hilbert space then GBP(E) is algebraically reﬂexive.
Proof. Since gbps on aHilbert space are the hermitian projections,we show that hermitian projections
are algebraically reﬂexive. We denote by 〈·, ·〉 the inner product in E . Let P be a locally hermitian
projection, ie. for every u ∈ E there exists a hermitian projection Qu such that P(u) = Qu(u). We
show that P is hermitian by proving that 〈u, P(u)〉 is real for every vector u ∈ E. This is clear since
〈u, P(u)〉 = 〈u, Qu(u)〉 and Qu is hermitian. 
Wealso establish the algebraic reﬂexivity of certain projections deﬁnedon an algebraically reﬂexive
Banach space. These projections are given as the average of the identity operator with an isometric
reﬂection. We recall that an isometric reﬂection on a Banach space is an isometry with square equal
to the identity. We observe that such projections are gbps associated with λ = −1.
Proposition 3.2. If E is an algebraically reﬂexive Banach space the set of all projections on E given as the
average of the identity with an isometric reﬂection is algebraically reﬂexive.
3342 F. Botelho, J. Jamison / Linear Algebra and its Applications 432 (2010) 3337–3342
Proof. Let P be a projection which is locally given by the average of the identity with an isometric
reﬂection. For every v ∈ E there exists an isometric reﬂection Tv such that P(v) = v+Tv(v)2 . Therefore
T = 2P − I is a locally surjective isometry. Since E is algebraically reﬂexive, T is a surjective isometry
and P is the average of the identity with an isometric reﬂection. 
3.2. Generalized bi-circular projections on Lip(X, E)
We now investigate the algebraic reﬂexivity properties of classes of gbps acting on Lip(X, E). As
previously stated, we assume that X is a compact metric space and E is a strictly convex Banach space.
We denote by GBPe(Lip(X, E)) the set of all gbps P on Lip(X, E) such that P(1X ⊗ e) = 1X ⊗ e. The
next theorem describes this class of generalized bi-circular projections on Lip(X, E).
Theorem 3.2. Let X be a compact metric space and E be a strictly convex Banach space. If P is a projection
in GBPe(Lip(X, E)), then (1) P = I+T2 with T ∈ SGe(Lip(X, E)) and T2 = I, or (2) P(f )(x) = Px(f (x)),
with Px a gbp on E and, for all x ∈ X, e in the range of Px.
Proof. Let P be a projection in GBPe(Lip(X, E)). Then there exist a unimodular complex number λ
and a surjective isometry T such that P + λ(I − P) = T and T2 − (λ + 1)T + λI = 0. Clearly T ∈
SGe(Lip(X, E)). Theorem 1.1 asserts the existence of a lipeomorphism ϕ : X → X and a Lipschitz
function τ : X → B(E) given by τ(x) = Tx , such that T(f )(x) = Tx(f (ϕ(x))). If λ = −1 then TxTϕ(x)
f (ϕ2(x)) = f (x). This implies that ϕ2 = I and TxTϕ(x) = I. Therefore P = I+T2 . This implies that T =
2P − I and then T2 = I, i.e. T is an isometric reﬂection. We assume that λ /= −1. If x0 /= ϕ(x0), then
there exists f ∈ Lip(X, E) such that f (ϕ(x0)) = ν (ν is a unit vector in E) and f (x0) = f (ϕ2(x0)) = 0,
see [18, Theorem 1.5.6 on p. 16]. This implies that Tx0(ν) = 0. This contradiction shows thatϕ = I and,
for every x, Px = −λI+Tx1−λ is a gbp on E. We also note that P(f )(x) = Px(f (x)). 
Remark 3.1. Proposition 3.2 also implies that the set of all gbps in GBPe(Lip(X, E)) given as the average
of the identity with an isometric reﬂection on Lip(X, E) is algebraically reﬂexive whenever Lip(X, E) is
algebraically reﬂexive.
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